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Abstract 

Measuring flux ratios of high energy neutrinos is an alternative method to determine 
the neutrino mixing angles and the CP phase. We conduct a systematic analysis of 
the neutrino mixing probabilities and of various flux ratios measurable at neutrino 
telescopes. The considered cases are neutrinos from pion, neutron and muon-damped 
sources. The flux ratios involve measurements with and without taking advantage 
of the Glashow resonance. Explicit formulae in case of fi-r symmetry (#13 = and 
#23 = tt/4) and its special case tri-bimaximal mixing (sin 2 12 = 1/3) are obtained, 
and the leading corrections due to non-zero #13 and non-maximal #23 are given. The 
first order correction is universal as it appears in basically all ratios. We study in 
detail its dependence on $13, #23 and the CP phase 5, finding that the dependence 
on 023 is strongest. The flavor compositions for the considered neutrino sources 
are evaluated in terms of this correction. A measurement of a flux ratio is a clean 
measurement of the universal correction (and therefore of 613, 623 and 5) if the zeroth 
order ratio does not depend on 612- This favors pion sources over the other cases, 
which in turn are good candidates to probe #12- The only situations in which the 
universal correction does not appear are certain ratios in case of a neutron and muon- 
damped source, which depend mainly on 612 and receive only quadratic corrections 
from the other parameters. We further show that there are only two independent 
neutrino mixing probabilities, give the allowed ranges of the considered flux ratios 
and of all probabilities, and show that none of the latter can be zero or one. Finally, 
we analyze situations in which #13 is sizable and 823 is close to 7r/4, and in which #13 
is close to zero and 623 — vr/4 is sizable. 
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1 Introduction 



A major part of the ongoing activities in astroparticle physics is related to neutrino mixing 
and oscillations pQ. The current information on the involved mixing parameters is already 
impressive, and in the next decades enormous improvement on their precision is expected 
[2]. While most efforts towards this goal have been put into terrestrial experiments with 
man-made neutrino sources, recently more attention has been paid to the possibility that 
high energy TeV) neutrinos [3] might also provide valuable information on the neutrino 
mixing parameters^ [4-16]. As the neutrino mass-squared differences do not play a role for 
high energy neutrinos, we are left in this framework with four observables, namely three 
mixing angles and one CP phase. 

In this paper we will try to systematically study the situations in which these four rel- 
evant neutrino parameters can be probed through measurements of neutrino flux ratios 
at neutrino telescopes. We consider neutrinos from three possible sources: pion decays, 
neutron decays and muon-damped sources (generated in environments in which muons, 
but not pions, loose energy [10J 02]). Measurements of high energy neutrino flux ratios 
will eventually take place in the km 3 scale neutrino telescope IceCube [18j. Another option 
is a km 3 experiment in the Mediterranean, as investigated by the KM3Net network [T5] , 
which coordinates the potential joining of the ANTARES [20], NESTOR [2]] and NEMO 
[22] projects. These will follow the smaller scale AMANDA [23] and Lake Baikal [23] ex- 
periments. The Cherenkov light of muon neutrinos leaves characteristic tracks in neutrino 
telescopes, which can be used to distinguish them from electron and tau neutrinos and to 
extract the ratio of muon to electron plus tau neutrinos from the ratio of tracks to showers 
[25] . Electron and tau neutrinos are harder to disentangle, though there are characteristic 
differences [25 | 1261 [27] . At neutrino energies close to 6.3 • 10 6 GeV the Glashow resonance 
enhances the process v e e~ — > W~, which could be used to identify anti-electron neutri- 
nos [6l [7J . However, our approach here focusses on the general properties of the mixing 
probabilities and their dependence on the neutrino mixing parameters. We will therefore 
consider several possible neutrino flux ratios and analyze them in terms of their dependence 
on those, mostly ignoring for the time being experimental aspects. 

In what regards our current knowledge of the neutrino parameters, the solar neutrino 
mixing angle 812 is large though non-maximal, but still possesses a sizable error. The 
magnitude of U e 3 is not known, as is the deviation from maximal atmospheric neutrino 
mixing 823 — tt/A, and the value of the CP phase 5. The latter three observables all have 
a variety of implications both in the low and high energy sector, but correspond to sup- 
pressed effects. In the course of this paper we will expand the mixing probabilities of high 
energy neutrinos in terms of the small parameters \U e s\ and the deviation from maximal 
atmospheric neutrino mixing. The zeroth order expression is just a function of the solar 
neutrino mixing angle. The first order correction A due to non-zero #13 and non- maximal 

^ote that cosmic rays have already turned out to be very useful for neutrino physics because the zenith 
angle dependent deficit of muon neutrinos, which are created by cosmic rays in the Earth's atmosphere, 
has provided the first compelling evidence for neutrino oscillations. 
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#23 is universal, i.e., the same for all probabilities. It depends in a characteristic way on 
the parameters, which we study in detail. The dependence on 823 is strongest. Since 8 12 is 
non-maximal and non-zero, no probability is zero or one, therefore high energy neutrinos 
are guaranteed to change their flavor. As neutrino flux ratios are functions of the mixing 
probabilities, they are most of the times given by a zeroth order expression and a first order 
correction. This allows for a comparably simple analytical understanding of the measure- 
ments in terms of their implications on the neutrino mixing parameters. If the zeroth order 
expression of a flux ratio is independent of #12, then measuring the ratio means measuring 
the correction A without any uncertainty due to our imprecise knowledge of 812- Hence, 
the ratio is a good probe for U e 3, 823 — 7r/4 and 5. This happens typically for neutrinos 
from pion sources. If in turn the zeroth order expression depends on # 12 , which happens for 
neutrinos from neutron and muon-damped sources, then the corresponding ratio is a good 
candidate to probe this ang lfi In addition, we also find for these sources that there are 
certain neutrino flux ratios for which there is no first order correction. They are functions 
of #12 and receive only quadratic corrections from the small parameters. Hence, they allow 
for a simple extraction of 812 and underline the usefulness of the source for measuring this 
parameter. 

The outline of this paper is as follows: first we will study some general aspects of the mixing 
probabilities in Section [2j We will then discuss several possible flux ratios in Section [3j 
The flavor compositions and the flux ratios are evaluated in terms of 812 and the universal 
correction A, furthermore their allowed ranges are presented. It is shown that typically flux 
ratios from pion sources are at zeroth order independent of # 12 , while ratios for neutrinos 
from other sources are in leading order # 12 -depending. We then present in Section H] ratios 
for which there is no first order correction. Finally, we analyze in Section the dependence 
of the ratios in cases when # 13 is sizable but 823 very close to maximal and when 813 is 
negligible but 823 deviates sizably from maximal. Section [6] is devoted to the conclusions. 

2 Neutrino Mixing 

In this Section we will first summarize our current understanding of neutrino mixing before 
we investigate the properties and allowed ranges of the mixing probabilities of high energy 
neutrinos. 

2.1 Neutrino Data and fi—r Symmetry 

Let us first set the stage for the discussion by shortly summarizing the neutrino data and 
the implied mixing schemes. The physics of neutrino mixing is described by the neutrino 
mass matrix 



2 We will not discuss other interesting aspects of neutrino flux ratios, such as neutrino decay [25] , 
Pseudo-Dirac structure [29] , magnetic moments [30] or breakdown of fundamental symmetries [31] . 
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where U is the leptonic mixing, or Pontecorvo-Maki-Nakagawa-Sakata (PMNS) [32], matrix 
in the basis in which the charged lepton mass matrix is real and diagonal. The three 
neutrino masses are contained in m* ag = diag(mi, m^, m^). A useful parameterization for 
the unitary PMNS matrix U is 
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where we have used the usual notations cy = cos%, = sin 6*^ and introduced the 
Dirac CP- violating phase 5. The angles can lie anywhere between zero and 7r/2, whereas 
the phase is allowed to take values between zero and 2n. Possible Majorana phases are 
neglected here since they do not play a role in the oscillation framework. In fact, the anal- 
ysis presented in this paper does not depend on whether neutrinos are Dirac or Majorana 
particles. Various experiments and their analyzes revealed the following allowed 2, 3 and 
4cr ranges of the mixing angles [33J: 



(3) 



The present best-fit value for sin 2 #13 is zero, and there is as yet no information on any of 
the phases. 

The remarkable best-fit values of #13 = and #23 — 7r /4 have let many authors to study fi-r 
symmetry [34]. This exchange symmetry leads to #13 = and #23 — tt/4 by enforcing the 
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low energy mass matrix to have the form (for Dirac neutrinos this would concern m v 
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The solar neutrino mixing angle and the neutrino masses are not predicted by /i-r sym- 
metry. The PMNS matrix reads 
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Here we have also given the form of U in case of tri-bimaximal mixing (TBM) [35], which 
is defined by /i-r symmetry with sin 2 # 12 = 1/3. It is a particularly simple mixing scheme 
which is very close to the current best-fit points. The analytical part of our analysis will 
rely on the fact that neutrino mixing can be accurately described by /i-r symmetry, which 
implies that one can expand all relevant formulae in terms of the small parameters #13 and 

7T/4 - 6 23 . 

2.2 Mixing Probabilities: General Considerations 

In this Section we will consider neutrino mixing probabilities of high energy neutrinos. We 
will show that there are only two independent probabilities (which is also true for the gen- 
eral case [36J), provide explicit expressions for them and give their simple forms in case of 
approximate /i-r symmetry and tri-bimaximal mixing. The universal first order correction 
to the probabilities is analyzed with respect to its dependence on the mixing angles and 
CP phase. Then we obtain the allowed ranges of the probabilities. 

Information on the mixing angles (and the phase 5) is obtained of course by neutrino 
oscillations. The probability of flavor conversion is in general a function of the three 
mixing angles, the CP phase 5 and the mass-squared differences times baseline L divided 
by energy E [36J. In the context of astrophysical neutrinos, the latter do not play a role, 
since the neutrinos travel many oscillation lengths from source to detector, leading tcjl 

P a p = P(u a up) = 5 a p - 2TZ U aj U* ai U* pj U pi = \ u ai\ 2 \Upi\ 2 , (6) 

i>j 

where 1Z denotes the real part. As obvious from Eq. <^j, the probability is CP conserving: 
P(u a — > up) = P{pa. — > up). Due to CPT invariance, it follows that P{y a — > up) = 
P{up — > u a ). This is also obvious from Eq. ([6]). Recall that there are no matter effects 
which could spoil these relations, though recently some cases have been investigated in 
which they might play a role [37]. Note that Eq. ([6]) displays no oscillatory behavior as 
a function of L/E anymore. Unitarity provides the "sum-rules" J2 a Pap = J2pPap = 1- 
Two other useful relations are 

Per = Pe^(0 23 -> 9 23 + tt/2 or 9 23 -> 6 23 + 3vr/2) , 
Prr = P^(023 -> #23 + vr/2 or 9 23 -> 9 23 + 3tt/2) . 

With these properties and relations it is easy to show that - as in the general case [36J - 
there are only two independent mixing probabilities: for instance, it suffices to consider only 
P efl and Ppp. There are five other possible choices of two probabilities, namely (P e/X ,P TT ), 
(P er ,P MM ), (P er ,P TT ), (P W ,P MT ) and (P Tr ,P MT ). Note that P ee should not be one of them 

3 Since the oscillation probabilities do not depend anymore on the mass-squared differences, in principle 
the extraction of the mixing angles and the CP phase is easier than in the general case. The possibility 
to probe the sign of the atmospheric Am 2 is however lost. 
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and that the pair should not be related via Eq. (J7|). The remaining probabilities for the 
pair P eM and P w can be obtained by Eq. ([Tj) and 



P = 1 - P - P 

1 ee 1 1 e/x 1 er j 
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The explicit expressions for P efl and P MAt are delegated to the Appendix, we give here only 
the survival probability for electron neutrinos since it has the simplest structure of all: 



Pee — 1 2 C 13 (c 12 S 12 C 13 + S 13 ) 



(9) 



Note that P ee depends mainly on 6 12 and only very weakly (quadratically) on 6 13 . This 
will be useful later on. 

In the limit of exact /i-r symmetry the flavors \x and r are equivalent, and it will hold 
that P afJi = P ar for all a = e, //, r. Assuming breaking of /i-r symmetry, one can expand 
the probabilities in terms of the small parameters \U e3 \ and e = 7r/4 — 6 23 . Introducing the 
symmetric matrix^ of probabilities P we find that 
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We have defined here the universal correction parameter 

A = i cos 5 sm49 12 \U e3 \ + 2s 2 12 c 2 12 e + 0(\U e3 \ 2 , e 2 , \U e3 \e) , 

where sin46 l i2 = 2 sin26>i 2 cos26>i 2 = 4ci2Si2(c 2 2 — sf 2 ). Unitarity (i.e., X] a -Pa/3 = 
= 1) holds to first order in Eq. (TTOl) . We will encounter A throughout this paper 
and its importance has been noted first in Ref. [13]. Note that A can vanish not only in 
the trivial case of 9 23 — 7r/4 = \U e3 \ = 0, but also when \U e3 \/e ~ — tan 29i 2 /cs- In general, 
A has the range 



0.09 (-0.11, -0.14) < A < 0.08 (0.11, 0.13) 



(12) 



when the oscillation parameters are varied within their 2 (3, 4)<r ranges. The probabilities 
P ee and P^r receive corrections only at second order in the small parameters, where the 



4 This matrix is symmetric because of the T conserving nature of the flavor transitions. In the general 
case P a p ^ Pp a . 
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lengthy contribution to P^ T is — (| + 2 C2S cf 2 sf 2 ) |t/ e 3| 2 + ^C5 sin4#i 2 \U e 3\ e — 2 (1 — c 2 2 sf 2 ) e 2 . 

The message of Eq. (TlOl) is that there is at first order a universal correction A to the 
neutrino mixing probabilities. To indicate here the importance of this fact (studied in 
mode detail in the remaining Sections), note that the neutrino fluxes arriving at terrestrial 
detectors will be functions of the mixing probabilities and therefore also functions of A. 
Consequently, the flux ratios will depend on A (except for cases treated in Section HJ). A 
detailed study of A (see also [13]) is therefore very useful. We plot in Fig. [I] for different 
values of A the ranges of #13 and # 2 3 which yield this value. The mixing angle 9u is varied 
within its current 3a range. We have chosen for |A| = 0.01, 0.05 three extreme values of 
the phases. For 5 = 7r/2 there is no dependence on |Z7 e 3| and if the phase is kept as a free 
parameter then the whole area between the upper line for 5 = n and the lower line for 8 = 
is covered. Hence, if #13, # 2 3 and 9 12 are known with sufficient precision, then information 
on the CP phase 8 can be obtained [5J [T3j. The lowest plot in Fig. [T]is for |A| = 0.1, in 
which case not all phase values are allowed (see below). Large positive A ~ 0.05 implies 
sin 2 # 23 > 1/2. Basically the same holds true for slightly smaller A ~ 0.01, unless 8 ~ 
and \U e s\ is sizable. For sizable and negative A ~ —0.05 one has sin 2 # 2 3 < 1/2. The 
same is true for A ~ —0.01 unless 8 = it/2 and \U e ^\ is sizable. Hence, the octant, i.e., 
sin 2 # 2 3 above or below 1/2, reflects for small U e s and no extreme values of 8 in positive or 
negative A. Therefore, in this kind of measurements there might be no octant degeneracy, 
from which the interpretation of the results of future long baseline neutrino experiments 
may suffer [38]. The dependence on the atmospheric mixing angle is in general stronger 
than on \U e 3\. This occurs because in Eq. (TTT1) the contribution proportional to \U e s\ is 
suppressed by a factor ~ sin4# 12 , which is always approximately two to three times smaller 
than 2 c 2 2 s 2 2 with which e is multiplied. We will discuss the cases in which one of the /i-r 
breaking parameters is negligible and the other one sizable in Section 
We have seen that for large values of |A| not all phase values are allowed. This is illustrated 
further in Fig. where we give the largest and smallest possible value of A as a function of 
each of the mixing parameters # 12il3j2 3 and 8, when the other three are varied within their 
current 3a ranges. Both positive and negative A are considered. Again one can see that 
the dependence on the atmospheric mixing angle is stronger than on \U^\. One feature 
worth explaining is the horizontal line for A max against 8. If 8 > ir/2, then cos 8 < and 
A max = 2c 2 2 s 2 2 e, a value reached when \U e s\ = 0. We stress that the dependence on 9 12 
is rather weak (see also [13J): the maximum A as a function of s\ 2 changes only by ~ 5%, 
a much smaller effect than for the other cases. 

A measurement of a flux ratio will be a measurement of A and - depending on its mag- 
nitude - the allowed ranges of the mixing parameters can be read off Eq. pip or Fig. [TJ 
Additional information on the angles, no matter if this means a better limit or even a 
precise measurement, will further constrain the possible values. Let us point out already 
at this stage of our investigation that there are basically two classes of flux ratios: those 
whose zeroth order expression, i.e., the ratio for zero #13 and # 2 3 = 7r/4, depends on #i 2 and 
those whose zeroth order expression does not depend on #i 2 . If the zeroth order expression 
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is independent of 9±2, then a measurement of the ratio will be a clean measurement of A. 
As we will see in the next Section, this occurs typically for neutrinos from pion sources. 
If the zeroth order ratio depends on 612 there will be additional uncertainty due to our 
imprecise knowledge of 612 and the sensitivity to A (or to #13,23 and 5) is low. If #13 and 
#23 — 7r/4 are close to zero, then the ratios will be a useful probe of #12 if the zeroth order 
ratio is a function of this angle. 

Now we turn to numerical values and ranges of the probabilities. The probabilities take a 
particularly simple form for tri-bimaximal mixing (/i-r symmetry with sin 2 #12 = 1/3): 
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(13) 



In case of sin 2 #12 = 1/3 the correction parameter A takes the form a/2/9 cosS \U e s\ +4/9 e. 
Let us obtain now the ranges of the mixing probabilities P a p. To this end, we vary the 
mixing angles in their allowed ranges given in Eq. Q. Note that due to the fact that 
the probabilities are CP conserving, they depend only on cos 5. Consequently the phase 5 
needs to be varied only between zero and 71". The result is 
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(14) 



No survival probability is below ~ 33% or above ~ 66%, whereas no transition probability 
is below ~ 10% or above ~ 40%. Note that in the general oscillation framework the 
probabilities depend also on energy and baseline and in addition on the Am 2 . Consequently, 
several situations can occur in which a certain P a p vanishes or becomes equal to one [36] . 
This is impossible for the high energy neutrinos under consideration, a property caused 
in particular by the non-maximal and non-zero value of the solar neutrino mixing angle. 
Therefore, neutrinos from astrophysical sources are guaranteed to change their flavor. 

3 Possible Fluxes and Ratios 



In this Section we will first discuss various neutrino sources, all of which posses a char- 
acteristic flux composition. We analyze this composition in terms of the solar neutrino 
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mixing angle and the universal correction parameter A. Then we consider various flux 
ratios, obtain their zeroth order form and their correction, before studying the allowed 
ranges of the ratios. 



3.1 Neutrino Sources and their Flux Composition 

A cosmic neutrino source can be classified for our purposes by the initial flux it generates 
(the flavor composition F). For neutrinos from pion decay one has 



= ($ e : $e : : $ A : ®r 

ppp = ($e . $ _ . ^ . $ _ . $T 

or F w = ($ e+e - : 



$ f ) = (1 : : 1 : 1 : : 0) , 

$ f ) = (1 : 1 : 2 : 2 : : 0) , (15) 

$ T+f ) = (1:2:0). 



Here $ a (^a) denotes the generated flux of neutrinos (anti-neutrinos) with flavor a = 
e, [A, r, whereas is their sum. We have given here two compositions for F n , depending 
on whether the neutrinos are created by the j>7 or pp mechanism. The next example are 
neutron beam sources: 

F n = ($ e : $ e - : : $ A : $ r : $ f ) = (0 : 1 : : : : 0) , 

(16) 

or F„ = ($ e+e - : ^ : $ T+f ) = (1:0:0). 

We further have muon-damped sources, in which case 

= ($ e : $ e - : : $ A : $ r : $ f ) = (0 : : 1 : 1 : : 0) , 
or F^ = ($ e+g : $ M+ft : $ T+ ^) = (0:1:0). 

We have given here the flux composition when the initial pions, for which the medium is 
optically thin, are created by the pp mechanism. In case of the pj mechanism, (0:0:1: 
1 : : 0) is changed to (0 : : 1 : : : 0), i.e., there are no anti-neutrinos involved. 

A measurement at a neutrino telescope will measure a flux which is not the initial 
neutrino flux, but the sum of all initial fluxes $3 times the probability to oscillate into the 
flavor a: 

An interesting exercise is to investigate how the composition has changed when the neutri- 
nos reach the earth. While with exact /i-r symmetry it is well-known that an initial flux 
of (1 : 2 : 0) is (independent of 6*12) altered to (1 : 1 : 1) [4j, corrections due to 6*13 7^ and 
#23 7^ tt/4 can be sizable. Indeed, it holds that [13] 



1:2:0) — >(1 + 2A: 1-A: 1 - A) , (19) 
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where the universal correction parameter A as defined in Eq. (TTTT) can be up to around 
±0.1. If we consider the composition in terms of neutrinos and anti-neutrinos, then the 
detected fluxes depend on the source. For neutrinos from the pry mechanism one has 

(1:0:1:1:0:0) ► 

- c\ 2 s\ 2 + A : c\ 2 s\ 2 + A : \ (1 + c\ 2 s\ 2 ) : \ (1 - c\ 2 s\ 2 ) - A : § (1 + c\ 2 s{ 2 ) - A : § (1 - c\ 

™ (14:4: 11 : 7: 11 : 7) , 

(20) 

with C12 = cos #i2 and s\2 = sin 6i 2 . We have also simplified the expression for tri-bimaximal 
(TBM) mixing. If the neutrinos are generated by the pp mechanism, then 

(1:1:2:2:0:0) — >(1 + 2A:1 + 2A:1-A:1-A:1-A:1-A), 

^(1:1:1:1:1:1) ^ 

where the leading term is independent of 8\2- If we sum up neutrinos and anti- neutrinos, 
then the corrections due to breaking of /x-r symmetry add up to the one from Eq. (TT9T) . 
For neutrinos from a neutron source: 

(1 : : 0) — (1 - 2c 2 12 s 2 12 : c\ 2 s\ 2 + A : c\ 2 s\ 2 - A) ^ (5 : 2 : 2) , (22) 

or written in terms of neutrino and anti-neutrino flavor: 

(0:1:0:0:0:0) — ► (0 : 1 - 2 c\ 2 s\ 2 : : c\ 2 s\ 2 + A : : cj 2 s\ 2 - A) 



^(0:5:0:2:0:2). 



(23) 



Finally, muon-damped sources lead to 

(0:1:0) — (c? 2 s\ 2 + A : § (1 - c\ 2 s\ 2 ) - A : \ (1 - c\ 2 s{ 2 )) ^(4:7:7), (24) 
or for neutrinos and anti-neutrinos: 

(0:0:1:1:0:0) ► 

c i2 s i2 + A : c^ 2 + A : I (1 — c^ 2 s^ 2 ) — A : I (1 — c^ 2 s^ 2 ) — A : I (1 — c^ 2 s^ 2 ) : | (1 — c^ 2 

^(4:4:7:7:7:7). 

(25) 

Recall that we only have discussed the pp mechanism, for the pry case there are no anti- 
neutrinos involved, and the corresponding fluxes in Eq. (j25l) have to be set to zero. With 
the results obtained for the flux compositions, one can evaluate now the flux ratios, which 
is what will be done in the following Subsection. 

3.2 Flux Ratios 

The obvious and well-known conclusion from the previous Subsection is that the relative 
flux composition is characteristic for the source. If in an experiment one measures the 
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efi 



P ee + 2 1 - P 



eu / 



1 P ee + 2P £| 

2 1 -Pee + 2(1" 



P 



efi J 



P 

- 1 ee 



e/i 



2 1 - p 



eu 



Table 1: Result for the neutrino flux ratios in terms of the mixing probabilities. 



flux ratios instead of the fluxes, the uncertainties associated in particular with the overall 
magnitude of the fluxes cancel. We will consider here the following possible observables: 



p — M+U c — ^ e+e rp _ ^e+e 



e+e 1 r+r fi+fi 1 r+r r+r 



D 



(26) 



^ fi+fi u+u ~ T + 



Note that only two of the three ratios P, 5 and T are independent. The quantities U 
and V are required for Glashow resonance related measurements. Perhaps more directly 
related to an actual measurement (though easily obtainable from P, S, T and U, V) is the 
ratio of the muon neutrino, or anti-electron neutrino, flux divided by the total flux: 

Q = -jr £±£ an d W = -n ^ . (27) 

^e+e ' fi+p. ' ^r+f ^e+e ~ U+U ~ ^r+f 

With the help of Eq. ([18]) . the flavor compositions in Eqs. (fT5| [TBI ED and the mixing 
probabilities in Eq. ([BJ we can evaluate these possible observables in terms of the mixing 
probabilities P a p- The results are shown in Table [TJ There are several relations between 
the observables, for instance R n = = 2 Vj, S n — V n and S n = 2 V£ p . Note that the 
ratios W and Q are in some cases direct measures of mixing probabilities. 
We can also obtain the expressions for the ratios in case of approximate /x-r symmetry 
and for tri-bimaximal mixing. The results are shown in Table [2j Except for three ratios 
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Observable 



Source 



pion 



neutron 



muon-damped 



Q 



total 



:i-a) 



cV 



A 



TBM 2 



1 — c s ) — A 



l-c 2 * 2 



TBM 7 



i? 



e+e 1 t 



1 3 A 

2 ~ 3 A 



2 2 
C S 



A 



~2 7 

C S 



TBM 2 
* 7 



A TBM 7 

1 + cV) 2 ~^ TT 



- 2 C Z S Z TBM 5 



— 2 — 2 

C S 



S 



1 , 3 

2 + 2 



A 



A TBM 2 

c s 1 — c s 



J2 „2\2 ' 7 



2 c 2 s 2 i 1 - 2 c 2 s 2 A TB ¥ 5 

i 1 — 7i l\ 



~2?^~ 



1 + 3A 



2 2 

CS 



4 4 

C S 



+ 2 



A 



2 2 

C S 



TBM 4 

' 7 



pion (py) 



pion (pp) 



w 



<t>y 

e 

total 



£(1 + 2 A) 



TBM 1 



;i- 2c 2 s 2 ) T -^§ 



l(c 2 S 2 + A) T ^l 
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e 



c 2 s 2 + (1 + c 2 s 2 ) A 



TBM 2 

* g 



+ 4 a 



2^2 



2 C 2 s a r 



2 2 

C S 



2C 2 S 2 A TBM~5~ 

— '2 



4 4 

C S 



2 2 i I 2 2' 

C g , 1 + C g 



A 



TBM 2 

> 7 



1 - 2 C 2 S 2 TBM 5 

~* 3 



~~ 2 — 2 i 

2 2 ~r 7 
— C S z 



<i>P 



1 J „2 , 1 

2 C s + 2 



1 , 2 2\ A TBM 1 

1 + cr s ) A - 



g 



3^3 



2c^s 



2 „2 



1 

21 



A 



'1 



cV) 2 



TBM 1 

* 7 



Table 2: The neutrino flux ratios in case of almost exact /x-r symmetry and for exact /i-r symmetry with tri-bimaximal 
mixing. We have defined c = 0086*12, s = sin On and A is defined as A ~ \ cos 5 sin40 12 {U^l + 2 s 2 2 c 2 2 e, where 
$23 = 7r/4 — e. $totai * s the fl ux °f an incoming neutrinos and anti-neutrinos at the detector. If A does not appear in a 
ratio, then there is a quadratic correction, see Section [U 





R-K 




T 

- L TT 


TJP1 

W TT 


TTPP 

TT 


ypi 

V TT 


ypp 

V TT 


2a 


0.47 4 0.62 


0.39 4 0.61 


0.83 4 1.30 


0.11 -=-0.31 


0.37 4 0.59 


0.06 4 0.17 


0.19- 


-0.30 


3a 


0.47 4 0.66 


0.37 4 0.64 


0.81 4 1.42 


0.09 4 0.33 


0.34 4 0.59 


0.05 4 0.18 


0.18- 


-0.32 


4a 


0.47 4 0.71 


0.35 4 0.66 


0.81 4 1.51 


0.07 4 0.34 


0.32 4 0.59 


0.04 4 0.19 


0.18- 


-0.33 



Table 3: Allowed ranges of the observables from Eq. (1261) in case of a pion source 





Rn 


S n 


T 


u n 




2a 


0.14 4 0.45 


1.05 4- 1.60 


1.60 4 4.48 


1.64 4 4.73 


1.05 4 1.60 


3a 


0.12 4 0.52 


0.92 4 1.74 


1.37 4 5.53 


1.41 4 5.87 


0.92 4 1.74 


4a 


0.10 4 0.56 


0.83 4 1.91 


1.24 4 6.74 


1.26 4 7.22 


0.82 4 1.91 



Table 4: Same as Table [3] for a neutron source. 







S t 








2a 


0.50- 


- 1.02 


0.14- 


-0.45 


0.34- 


-0.89 


0.13- 


-0.46 


0.07 4 0.23 


3a 


0.50- 


- 1.16 


0.12- 


-0.52 


0.29- 


- 1.06 


0.10- 


-0.51 


0.06 4 0.26 


4a 


0.50- 


- 1.30 


0.10- 


-0.56 


0.26- 


- 1.20 


0.08- 


-0.53 


0.05 4 0.28 



Table 5: Same as Table [3] for a muon-damped source. 



(see Section [4j the ubiquitous parameter A appears as a correction. This allows for a 
comparably easy understanding of the results of future measurements of the ratios. In case 
of a pion source and exact \l-t symmetry, only the observables related to jry neutrinos, 
which can be distinguished from pp neutrinos only through measurements of the Glashow 
resonance, show a dependence on the solar neutrino mixing angle. As alluded to before in 
Section [2~2l there are ratios whose zeroth order expressions depend on 8u and those whose 
do not. The latter are good candidates to probe 623, #13 and S, because the measured devi- 
ation will be directly related to A, which in turn weakly depends on # 12 . From Table [2] it is 
obvious that pion sources are the only cases in which the zeroth order ratio is independent 
of 6i2- If the Glashow resonance is taken advantage of, then pp-generated neutrinos are 
necessary to measure A directly. All other sources and ratios depend at zeroth order on 
#12 and therefore are useful to probe this observable. 

Using the whole allowed ranges of the mixing probabilities we can also calculate the cur- 
rently allowed ranges of the ratios. The results are summarized in Tables El IH and For 
the sake of completeness, we also give the ranges of Q and W from Eq. (1271) in Table 
[6j Recall again that with a muon-damped source we consider the pp mechanism. For pry 
neutrinos and for damped muons the ratios R, S, T and Q are identical to the expressions 
in Tables [T] and [2] and to the ranges in Tables El IH El El However, since no anti-neutrinos 
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Qn 




W pp 


Qn 


w n 






2a 


0.32^0.38 


0.04^0.10 


0.14-5-0.19 


0.13-5-0.31 


0.51^0.62 


0.34^0.50 


0.06-5-0.16 


3a 


0.32^0.40 


0.03-5-0.11 


0.14^0.20 


0.11-5-0.34 


0.48^0.63 


0.33^0.54 


0.05-5-0.17 


4(7 


0.32^0.42 


0.03^0.12 


0.13^0.20 


0.09^0.36 


0.45^0.66 


0.33^0.56 


0.04^0.18 



Table 6: Allowed ranges of the observables from Eq. ( 1271) . 
are involved in such cases, U, V and W are zero. 

Even though we focus in this paper only on the functional dependence of the ratios, the 
question arises whether one can identify the neutrino source through the measurement 
of a ratio. While such an analysis is beyond the scope of the present paper (see, e.g., 
Refs. [TOl [Til [T2l [14] for discussions), we give here a few comments. As seen from Tables 
[21 [H and O already for the 2a values of the oscillation parameters, the ranges of the ratios 
can overlap, in particular for pion and muon-damped sources. This is also illustrated in 
Fig. [31 where we show the ratios R and U as a function of sin 2 9u when the other oscillation 
parameters are allowed to vary within their current 3a ranges. In this Figure and in all of 
the following ones we have been using the exact, lengthy mixing probabilities and not the 
approximate formulae from Table [2J A value of R ~ 1/2 seems to indicate from the upper 
plot of Fig.[3]that all three sources are allowed. Note however that, for instance, R has quite 
different zeroth order values (for simplicity we use tri-bimaximal mixing here), namely |, I 
and X for pion, neutron and muon-damped sources, respectively. Indeed from Table [2] it is 
clear that R n and both around ~ 1/2 would require large and positive A ~ 0.1, whereas 
R n ~ 1/2 goes with small A. In addition, neutron source fluxes have a large v e content 
and therefore large U, as confirmed by Fig. [3j Measuring smaller U than expected for a 
neutron source leaves us only with pion or muon-damped sources. Since large and positive 
A is expected for the latter, there will be obvious neutrino oscillation phenomenology since 
almost maximal breaking of fi-r symmetry is required, see Figs. [1] and [21 Other examples 
easily read off Fig. [3] are the following: having R above 0.66 will mean a muon-damped 
source, R well below 0.5 will rule out pion and muon-damped sources. Measuring U below 
0.5 rules out pions generated by the p7 mechanism and also muon-damped sources. In 
general, ratios using the Glashow resonance have a smaller value for py sources than for pp 
sources, unless the oscillation parameters take extreme values. For instance, U^ 1 has the 
zeroth order value |, while U^ p = |. Another example is that a muon-damped source fed 
with pions from pry collisions contains no electron anti-neutrinos and would have U = 0. 
All in all, in combination [TD1 dH d21 E] with issues like astrophysical observations, energy 
dependent differences of the various sources, there will be the possibility to distinguish the 
sources. 
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4 Ratios almost only depending on 612 



We have seen in Section I2T21 that the probabilities P ee and P^ T are special since they receive 
corrections due to non-zero #13 and cos 2#23 only at second order. Moreover, the correction 
for P ee is a function only of |f/ e 3| 2 . Constructing a ratio out of this probability will therefore 
be very interesting. Indeed, one can successfully construct such an observable, namely the 
ratios S and V in the case of a neutron source: 

$ D _ $? p p 

C = e+e _ t/ _ _f_e _ -Tee _ r ee 

1 _ 9 r 2 Q 2 1 — 9 r 2 e 2 

^ 1 ^ c 12^12 _ 1 ~ c 12^12 |[/ e3 | 2 

2 c 12 s 12 2 c 12 S12 

which is independent of the atmospheric neutrino mixing angle and on the CP phase S. 
With sin 2 ^12 = 1/3 one has S n — V n ~ 5/4 — 45/8 \U e3 \ 2 . With the small dependence of 
this quantity on \U e3 \ it can serve as an interesting observable to probe the solar neutrino 
mixing angle. We show in Fig. H] the dependence of P ee j{\ — P ee ) on \U e3 \ for different 
values of sin 2 9u, which cover its currently allowed 3a range. For all values of \U e s\ ^0.1 
there is basically no dependence on it and the ratio varies strongly with sin 2 #12, from 1.74 
for sin 2 ^12 = 0.24 and 1.08 for sin 2 9\2 = 0.40. We stress that the reason for the simple 
functional dependence of S n and V n is that in the denominator we have summed over muon 
and tau neutrinos. As a comparison, the ratio T, which is just the ratio of electron to tau 
neutrinos, is given for a neutron source by 

rp _ ^e+e _ Pee ^ 1 — 2 C 12 S 12 1 — 2 C 12 S l2 

n ~ cf> D ~ P - r 2 s 2 r 4 s 4 1 ' 

There can be sizable dependence on \U e3 \ cos 5 and sin 2 #23 which is illustrated in Fig. [5j 
where we show the ratio T for a fixed value of sin 2 # 12 = 0.30. Another example for a 
simple ratio can also be identified in Tables [T] and [2J This is W n , the flux of anti-electron 
neutrinos divided by the sum of all neutrinos for a neutron source. It is simply given by 
P ee . Consequently, W n ~ (1 — 2c 2 2 s 2 2 ) (1 — 2 |t/ e 3| 2 ), which varies however less than S n 
with the solar neutrino mixing angle: it ranges from 0.64 for sin 2 612 = 0.24 to 0.48 for 
sin 2 12 = 0.40. 

The other mixing probability receiving only quadratic corrections due to non-zero \U^\ 
and non-maximal # 23 is P MT . It is also possible to construct a ratio depending solely on it: 
consider the ratio of tau neutrinos and the sum of electron and muon neutrinos^. If the 
neutrinos stem from a muon-damped source, then 



<J> D P P 1 _ r 2 s 2 

C + $° + , ~ Pe, + P m ~ 1 - Ppr ~ 1 + C\ 2 S 2 2 



(30) 



plus corrections of second order in \U e $\ and #23 — vr/4. The range of the leading term is 
between 0.69 for sin 2 9u = 0.24 and 0.61 for sin 2 6*12 = 0.40, i.e., significantly smaller than 



3 This flux can be obtained from the considered fluxes R and S by evaluating [R/ (l+R)+S/ (1+S 1 )) — 1. 
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the corresponding range for S n or V n . Alternatively, in the denominator of Eq. (|30|) one 
could include &? +f , in which case the ratio would be just P^ T . Its range is between 0.41 
and 0.30 if sin 2 6*12 is varied between 0.24 and 0.40. 

Eventually, in an experiment one will presumably measure several ratios and reconstruct 
the neutrino parameters with global fits [14] . However, ratios which depend solely on 
one mixing angle would allow for a particularly illustrative, clear and clean measurement. 
In addition, the ratios presented here serve to illustrate that neutron and muon-damped 
sources are good candidates to probe 9 12 . 

An issue related to the problem of identifying the neutrino source, as mentioned at the 
end of Section 13.21 is the following: what if neutrinos from a neutron or a muon-damped 
source are polluted by neutrinos from usual pion sources? Denoting the relative flux from 
this source with 77, one can show that 

q Pee(l+V)+2 V P e , „ 1-2C 2 2 4 . 3C 2 12 S 2 12 -1 

n (1-P ee ) (1 + V ) + 2 V (1-P eii ) 2c\ 2 s\ 2 + 2c\ 2 s\ 2 U 1 ) 

plus higher order terms. The correction can be sizable, with sin 9 12 = 1/3 one has S n — 
5/4 — 27/8 rj. Knowing that the pollution is below 5% would be necessary to have a 
correction to Eq. (125)1 below 10%. 



5 Comparison of Flux Ratios for almost maximal #23 
and for negligible U e s 

Now we will study the sensitivity of the flux ratios if (A) #23 is close-to maximal and (B) 
if \U e s\ is close to zero. One possibility for this situation to happen is through special 
breaking of \i-r symmetry, which usually always implies deviation from zero \J e ^ and from 
maximal #23 [39, 34J. In the symmetry limit and for a normal mass hierarchy we have the 
following mass matrbj§ [39) : 



m,. 



a/ Am 2 . 



/ ae 2 



\ 



be 
l + e 



be \ 
-1 

l + e ) 



(32) 



where e 2 = 0(Am@/Am\). The two interesting breaking scenarios correspond to different 
locations of the symmetry breaking term [39J. The first case we call scenario A and it 
occurs if there is \i-t symmetry breaking in the electron sector of m u , i.e., 

( ae 2 be de \ 



m, 



a/ Am 2 - 



l + e -1 

l + e J 



(33) 



6 This particular form of the mass matrix is motivated by an approximate flavor symmetry U(1)l c times 
the jjL-r exchange symmetry, where e denotes the strength of C/(1)l c breaking. 
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Then we have that \U e 3\ ^> |#23 — 7r/4|. For breaking of the symmetry in the /i-r sector, 

/ ae 2 be be \ 



i.e., 

_2 



(34) 



• 1 + e -1 
\ • • 1 + de ) 

one finds that |[/ e3 | <C |6> 2 3 — 7r/4| . We denote this case with scenario B. Of course, other 
scenarios are possible in which |0 2 3 — 7r/4| ^> $13 or |# 2 3 — 7r/4| <C #13, and this particular 
example based on /i-r symmetry breaking serves just as an illustrative example. 

As shown in Sections 12.21 and [3l the sensitivity on the neutrino parameters is governed 
by the universal correction parameter A. We give the dependence of A on |C/ e 3| and on 
sin 2 #23 in Fig. [6] for scenario A (when #23 is very close to vr/4) and scenario B (when 
\U e 3\ is negligible). The two values of sin 2 # 12 correspond to the current 2a range. To 
take these scenarios into account, we varied in scenario A the parameter |{7 e3 | and set 
atmospheric neutrino mixing to maximal. For scenario B we varied sin 2 #23 and fixed 
\U e3 \ = 1.7 (#23 — 7r/4) 2 . From the Figure we can draw the following lessons: in the case of 
negligible |[/ e3 | the dependence on 5 and #12 is very weak. This is trivial for 5, because it 
is always related to \U e s\. Regarding # 12 , the limited dependence of A on this parameter 
was noted in Section |2"72"1 In this special case of vanishing U e3 it occurs because the allowed 
range of s\ 2 c 2 2 is smaller than the allowed range of s\ 2 alone. For instance, if sin 2 6 12 
ranges from 0.26 to 0.36, then s 2 2 c 2 2 = 0.19 -r- 0.23. This indicates that for small \U e s\ the 
mixing probabilities and consequently the flux ratios can serve as a useful probe for the 
atmospheric neutrino mixing angle #23- Its octant, i.e., sin 2 623 above or below 1/2, reflects 
always in positive or negative A. If the zeroth order ratio is a function of 812, then this 
ratio will be a particularly promising probe for this angle. In case the zeroth order ratio is 
just a number, the sensitivity for 6u is low. 

We have seen in Section [2T21 that A depends on 623 stronger than on the other parameters. 
This can be underlined here: if 823 is close to 7r/4, then A is typically smaller than for 
negligible #13. Compare the situation e = 0.1 and \U e 3\ = with |[/ e3 | = 0.1 and e = 0, i.e., 
/i-r symmetry breaking of equal size (note that sin 2 #23 ~ 1/2 — e). A is around —0.05 for 
the first case, but smaller than 0.02 in absolute value for the second case. This feature has 
also been noted already in Section 12.21 It occurs because in Eq. (TTTj) the factor in front of 
\U e s\ is roughly two times smaller than the term to which e is proportional to. A smaller 
correction means that the sensitivity to 613 and 5 in case of maximal 623 will be smaller 
than the sensitivity to 823 in case of negligible U e3 . However, a small correction implies 
that it will be easier to probe #12 if the zeroth order ratio depends on it. 

As an example for the difference of the ratios within these two scenarios, we show in Figs. [7] 
and [8] the ratios R and U for two representative values of sin 2 9 12 . For scenario A (B) we 
varied \U e3 \ (sin 2 ^) and fixed fl 23 - vr/4 = 1.7 \U e3 \ 2 (\U e3 \ = 1.7 (0 23 - tt/4) 2 ). Only R w 
and LJP p are at zeroth order independent of 612 . If #13 is negligible, then there is in this 
case hardly any dependence on 6*12, but a rather strong dependence on 6* 2 3- Its octant, i.e., 
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sin 2 #23 above or below 1/2, reflects always in positive or negative A. All other ratios will be 
good probes for the angle 812- A criterion for this statement might be that the two branches 
for sin 2 #12 = 0.26 and 0.36 are separated. If 823 is close to 7r/4, then this is true even for 
very large values of \U e s\. In particular for neutron sources the dependence on 9 12 is strong. 

Let us discuss one ratio in more detail, namely R as plotted in Fig. [7J In scenarios A and 
B it holds for neutrinos from a pion source 

R *-\~l6 C ° S6 Sin4 ^ 12 |f/e3 ' ' R *~l~l Sin2 26u€ ' (35) 

where e = 7r/4 — 623 — sin 2 623 — §. Turning to neutrinos from muon-damped and neutron 
sources, we only note that for zero 813 one can obtain simple exact expressions for R, 
namely 

Or 2 h 2 c 2 c 2 s 2 2 c 2 s 2 

nB _ f c 12 5 12 c 23 ^ L 12 b \2 , z c 12 ^12 /oe\ 
-"■n ~~ 1 o ,2 _2 _2 — 1 _2 _2 /i .2 .2 « I* 30 / 



and 



2 C 12 S 12 C 23 1 J 2 ° [2 ; . ■' ' " 1 12 12 ' 



_ 1 1 

* ^23 1 + C 12 S 12 - (1 - C 12 S 12) COS 2 ^23 
^2 2 2 2 

'12 g 12 _ o C 12 g 12 



(37) 



1 + c 12 s 12 (1 + c 12 s 12 ) 



6 Summary 

Flux ratios of high energy neutrinos are an alternative method to obtain information on 
the neutrino mixing angles and the CP phase. Some issues related to the neutrino mixing 
phenomenology in this framework were investigated for the first time in this work. We 
have studied general aspects of the mixing probabilities, such as the number of independent 
probabilities (namely two) or its allowed ranges. Mainly due to non-zero and non-maximal 
solar neutrino mixing, no probability can take the trivial values zero or one, as can be 
seen in Eqs. flTU l [T4j) . This is in contrast to the general oscillation framework. Hence, high 
energy neutrinos will certainly change their flavor when traveling from an astrophysical 
source to a terrestrial detector. At zeroth order, lepton mixing can be described by /x-r 
symmetry, and the first order correction A to the mixing probabilities due to non-zero U e 3 
and non-maximal 823 is universal. It has always the same dependence on #13,23 and 5: 

A = i sin4# 12 cos<5|£/" e3 | +2 cos 2 8 12 sin 2 8 12 Q - sin 2 # 23 ^ - -0.1 -=-0.1 . 

We have used this to evaluate the relative compositions of the neutrino fluxes for three 
possible sources: pion decay, neutron decay, and muon-damping. For instance an initial 
flavor composition (1 : 2 : 0) is modified by oscillations to (1 + 2 A : 1 — A : 1 — A). Various 
flux ratios were considered (Tabled]), their allowed ranges were given (Tables [3j SI El E]) 
and their leading correction from /i-r symmetry breaking was obtained (Table [2]). The 
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latter is almost always a function of A. For the example of an initial flavor composition 
(1:2:0) the measurable ratio of muon neutrinos to the sum of all neutrinos is ~(1 — A). 
The main point we wish to make in this paper is the following: a measurement of a ratio 
is a measurement of A - and therefore of #13, #23 and 5 - if the zeroth order expression 
is known with sufficient precision. In particular, if the zeroth order expression does not 
depend on # 12 , then there is no additional uncertainty on A, which in turn weakly depends 
on 9i2- This is true for flux ratios of neutrinos stemming from pion sources, except for 
Glashow resonance related measurements of pj neutrinos. Flux ratios from other sources 
depend in leading order on #12 and are useful to probe this angle. Schematically, one may 
write 

Ratio(7r) = /(A) , Ratio(neutron, muon-damped) = g{0n) + h(6i 2 ) A . 

The allowed ranges of \U e3 \ and sin 2 # 23 leading to certain values of A are plotted in Fig. [1] 
and the maximal or minimal possible A is plotted in Fig. [2j The dependence on sin 2 # 23 is 
stronger than the dependence on |C/ e3 |. We have illustrated this feature in cases when #13 
is negligible and the deviation from maximal atmospheric mixing is sizable and vice versa. 
There can be certain situations for neutron and muon-damped sources in which there is no 
first order correction to a ratio. One interesting example is the ratio of electron to muon 
plus tau neutrinos in case of a neutron source, as given in Eq. (|28|) . It is a function of the 
electron neutrino survival probability only, and therefore a function of Q\ 2 plus quadratic 
corrections of only sin 2 # 13 . This underlines the usefulness of the source for measuring 12 . 
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A Appendix: Mixing Probabilities 

For the sake of completeness we give here the full expressions for the mixing probability of 
electron into muon neutrinos 

p _ n 2 12 2 2 , / 4 1 2 \ 2 2 
~ efj, — * C 13 [C 12 S 12 C 23 + [C 12 -+- S u ) S 13 S 23 

+C12 Si 2 C 23 S 2 3 C«5 (c 12 - Si 2 )(ci 2 + S 12 ) S 13 ) , 

and the survival probability of muon neutrinos: 



P - 1 - 2 r 4 r 2 s 2 s 2 

r Ml — 1 ^ ^12 ^23 23 13 



c 23 



+2 ((s 2 12 ((4 + (4c 2 - 1) 4 + 1) 4 - 1) - c 2 3 4) 

+ s 13 S 23 ( C 13 S 12 — ( c 13 + S 12) s 23)) C 12 (^-"2) 
+ ■523 (-2 (C23 C 4 3 + (c 2 3 + C23 sj 2 ) S 13 ) S 2 3 sj 2 
-2 C12 Si 2 C 23 C S (Ci 2 - S 12 )(C 12 + S 12 ) (c 2 3 + (^3 + l) (c 23 - S 23 )(c 2 3 + S 23 )) S 13 ) . 
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With the help of Eqs. (0 [8]) all other probabilities can be constructed out of these two 
formulae. 
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Figure 1: The ranges of 6*13 and 6*23 giving different values of A = ~ cos 5 sin46' 12 \ U e3 \ + 
2 s i2 c i2 e > where #23 = tc/4: — e. The four upper plots are for different values of S = ir 
(upper or green range), 5 = it/ 2 (middle or red range) and S = (lower or black range). 
The lowest plot has 5 as a free parameter. 



£0.1 - 

< 

0.095 - 
0.09 - 



-0.08 - 
-0.085 
-0.09 
j E -0.095 - 
-0.1 
-0.105 - 



-0.1 







0.5 



1.5 



2.5 




Figure 2: The largest and smallest possible value of A as a function of the mixing param- 
eters #12,13,23 and 5, when the other three are inside their 3a ranges. 
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Figure 3: The ratios R = $° +A /($° +g + and U = $? as a function of sin 

for neutrinos from pion, neutron and muon-damped sources. 




Figure 4: The ratios S = $j? +g /(<I>° +/i + an d v = ^/i^+p. + $?+f) f° r neutrinos 

from a neutron source as a function of \Ue^\ for different values of sin 2 6\2- They do not 
depend on other parameters. 
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Figure 5: The ratio T = $^ +g / for a neutrino flux from a neutron source for sin 2 12 = 
0.30 as a function of sin 2 # 2 3 for different values of \U e3 \. The CP phase was chosen zero 
and 7r, thereby giving the two extreme values of T for any non-zero \U e 3\. 




Figure 6: The small parameter A. The upper plot is for negligible |#23 — 7r/4| and 
lower plot for negligible #13. 




Figure 7: Comparison of /x-r breaking scenarios A (negligible | #23 — 7r/4 1 ) and B (negligible 
#13) for the ratios R = ( &° + ^/(3 > ° + g + $?+r) an d neutrinos from pion, neutron and muon- 
damped sources. 



